Abstract. Anomalous subdiffusion equations have in recent years received much attention. In this paper, we consider a two-dimensional variable-order anomalous subdiffusion equation. Two numerical methods (the implicit and explicit methods) are developed to solve the equation. Their stability, convergence and solvability are investigated by the Fourier method. Moreover, the effectiveness of our theoretical analysis is demonstrated by some numerical examples.
Introduction
Because of their practical applications, anomalous subdiffusion equations have received much attention in recent years. For example, Schwille et al. [31] studied anomalous subdiffusion of proteins and lipids in membranes observed by fluorescence correlation spectroscopy, Saxton [30] researched anomalous subdiffusion in fluorescence photobleaching recovery, Ratto et al. [27] considered anomalous subdiffusion in heterogeneous lipid bilayers, Weiss et al. [34] analyzed anomalous subdiffusion as a measure for cytoplasmic crowding in living cells, Marseguerra et al. [22] investigated the Monte Carlo and fractional kinetics approaches to the underground anomalous subdiffusion of contaminants, Tan et al. [33] discussed an anomalous subdiffusion model for calcium spark in cardiac myocytes, and Langlands et al. [12] researched anomalous subdiffusion with multispecies linear reaction dynamics. At the same time, a number of authors have developed numerical methods for solving fractional diffusion equations (e.g. [1] , [2] - [6] , [13] , [16] - [19] , [35] - [37] ). However, work on fractional diffusion equations in higher dimensions is still at an early stage. Meerschaert et al. [23] analyzed finite difference methods, while Tadjeran et al. [24] discussed a numerical method of second-order accuracy for the two-dimensional fractional diffusion equation, Zhuang et al. [38] proposed an implicit difference approximation for the two-dimensional space-time fractional diffusion equation, Chen et al. [7] investigated the following two-dimensional anomalous subdiffusion equation proposed two numerical schemes with first order temporal accuracy and second order spatial accuracy, and discussed the stability, convergence and solvability of these numerical schemes by the Fourier method. In order to more accurately characterize the evolution of a system, the so-called variable-order operator calculus has been developed [8] , [9] , [10] , [11] , [14] , [20] , [21] , [26] - [32] . However, only a few authors have studied numerical methods and numerical analysis of variable-order fractional differential equations. Lin et al. [15] studied the stability and convergence of an explicit finite-difference approximation for the variable-order nonlinear fractional diffusion equation. Zhuang et al. [39] presented some numerical methods for the variable-order fractional advection-diffusion equation with a nonlinear source term.
In this paper, we will study a two-dimensional variable-order anomalous subdiffusion equation of the form (1.2) ∂u(x, y, t) ∂t with initial and boundary conditions:
where the constants κ 1 , κ 2 > 0, φ(x, y), ϕ 1 (x, t), ϕ 2 (x, t), ψ 1 (y, t), ψ 2 (y, t) are sufficiently smooth functions, 0 <γ min ≤ γ(x, y, t) ≤ γ max < 1 and 0 D 1−γ(x,y,t) t g(x, y, t) is the variable-order Riemann-Liouville fractional partial derivative of order 1 − γ(x, y, t) for g(x, y, t) defined by [15] , [39] 
Implicit and explicit numerical methods will be developed for this problem. Their stability and convergence will be described in detail. Some numerical examples will be presented to demonstrate the effectiveness of the methods.
2. An implicit numerical method 2.1. Derivation of the implicit numerical method. In this paper, we let
respectively, where Δ x = L/M 1 , Δ y = L/M 2 and Δ t = T/N are the spatial and temporal steps, respectively. Also, we denote
In this paper, we always assume u(x, y, t) ∈ U (Ω). At the grid point (
where
provides an approximation of the Riemann-Liouville fractional partial derivative.
From [25] , we have
Under the condition that the function g(x, y, t) has continuous partial derivative
∂g(x,y,t) ∂t
for t > 0, the Riemann-Liouville and Grünwald-Letnikov fractional partial derivatives of order 1 − γ k i,j for g(x, y, t) have the following relation:
By (2.3) and (2.4) we get
. From (2.7) and u(x, y, t) ∈ U (Ω) we get, respectively,
(2.9)
Since u(x, y, t) ∈ U (Ω), the following formulas are obtained: 
2.2. Some lemmas. In this subsection, we establish two lemmas for use in later analysis.
Second, taking t = 1 in the formula
we have
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Finally, from the conclusions (1) and (2), for n = 1, 2, . . . , it holds that
The proof of Lemma 2.1 is completed.
Lemma 2.2. For
Proof. Taking g(x, y, t) = 1 and t k = 1 in (2.6) gives
On the other hand, 
respectively. We then obtain the following roundoff error equation:
For k = 0, 1, . . . , N, we define the following grid function:
Then ρ k (x, y) has the Fourier series expansion
Using the Parseval equalities
Assume that the solution of the difference equation (2.21) has the form
where Proof. Applying mathematical induction, we can demonstrate that
is the solution of (2.27). When k = 1, by (2.27) we get
From (2.19) and (2.28), it follows that
then, according to (2.19), (2.28) and Lemma 2.1, from (2.27) we get 
Similarly to the proof of Theorem 2.3, we can also verify that the solution of the homogeneous linear algebraic equations (2.31)-(2.34) satisfy 
. . , N, we define the following grid functions, respectively:
and
where Ω 1 and Ω 2 are defined in subsection 2.3. Then, E k (x, y) and R k (x, y) have the Fourier series expansions
and applying the Parseval equalities
we have, respectively, 
(2.39)
Using Lemma 2.1, (2.39) can be rewritten as
where μ k i,j is defined by (2.28). Applying (2.14) and Lemma 2.2, we have
Then there is a positive constant C 1 such that
Now, by the first equality of (2.37) we get
According to the convergence of the series in the second equality of (2.37), there is a constant C 2 ≥ 1 such that
Theorem 2.5. The implicit numerical scheme (2.15)-(2.18) is convergent with the order O(Δ
Proof. Using mathematical induction, we can verify that
where η k (k = 1, 2, . . . , N) is the solution of (2.40), and the constant C 2 ≥ 1 is given by (2.44). When k = 1, it follows from (2.40) that
. From E 0 = 0 and (2.36) we get
From (2.28) and (2.44) it follows that
In view of (2.19), (2.28), (2.44) and Lemma 2.1, (2.40) leads to
This verifies the conclusion (2.45). Based on (2.36), (2.37), (2.43), the conclusion (2.45), and kΔ t ≤ T we obtain
The proof of Theorem 2.5 is therefore completed.
3. An explicit numerical method 3.1. Derivation of the explicit numerical method. Because u(x, y, t) ∈ U (Ω), it holds that
From (2.8), (2.9), (2.11), (2.12) and (3.1), we have
where μ k i,j and μ k i,j are as defined in subsection 2.1, whereas
According to the above analysis, we now present an explicit numerical scheme for solving the two-dimensional variable-order anomalous subdiffusion equation (1.2) with the initial and boundary conditions (1.3)-(1.5) as follows:
3.2. Stability analysis of the explicit numerical method. Obviously, the roundoff error equation of the explicit numerical scheme (3.4)-(3.7) is
where ρ k i,j is as defined in subsection 2.3. We now also assume that the solution of the roundoff error (3.8) has the form defined by (2.25). Substituting (2.25) into (3.8) gives
where μ k i,j is defined by (2.28). 4)-(3.7) is stable. Proof. We prove the result by mathematical induction. If μ
is the solution of (3.9). When k = 0, it follows from (3.9) that
,j ≤ 1 and Lemma 2.1, we obtain from (3.9) that
The conclusion (3.10) is then proved. From this we have
The proof of Theorem 3.1 is therefore completed.
3.3.
Convergence analysis of the explicit numerical method. In this subsection, we investigate the convergence of the explicit numerical scheme (3.4)-(3.7). Subtracting (3.4) from (3.2), we obtain the error equation
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where E k i,j is as defined in subsection 2.5. We also assume that the solution of the difference equation (3.12) has the form defined by (2.38). Substituting (2.38) into (3.12) gives
(3.13)
Using Lemma 2.1, (3.13) can be rewritten as (3.14)
where μ k i,j is defined by (2.28). Applying (3.3) and Lemma 2.2 gives
Then there is a positive constant C 3 such that
It is clear that for the explicit numerical scheme (3.4)-(3.7), the results (2.36), (2.37), (2.44) and (2.46) are valid. From (3.16) and the first equality of (2.37), we have .14), and the constant C 2 ≥ 1 is given by (2.44). When k = 0, it follows from (3.14) and (2.46) that
By (2.44), we have
Suppose that
According to 0 ≤ μ k i,j ≤ 1 and Lemma 2.1, (3.14) gives
The conclusion (3.18) then follows. From this we obtain (3.20) where C = C 2 C 3 T L. This completes the proof of Theorem 3.2.
Numerical examples
In this section, in order to demonstrate the accuracy of our theoretical results, we apply the implicit numerical method (2.15)-(2.18) and the explicit numerical method (3.4)-(3.7) to solve the following two-dimensional variable-order anomalous subdiffusion equation:
with the initial and boundary conditions:
The exact solution of the problem (4.1)-(4.4) is u(x, y, t) = e x+y t 2 .
We let γ(x, y, t) , where on the finite domain 0 ≤ x, y, t ≤ 1, the function γ(x, y, t) satisfies 0 ≤ γ(x, y, t) ≤ 1. In other words, the order of the fractional derivative is now allowed to reach 0 or 1 on the given domain. The results also strongly support the numerical method. Table 3 provides the maximum errors of the numerical solutions for the problem (4.1)-(4.4) using the explicit numerical method (3.4)-(3.7) for various Δ x = Δ y , Δ t and γ(x, y, t). Table 3 . The maximum error E max of the explicit numerical method (3.4)-(3.7).
γ(x, y, t)
sin(xyt + From Figures 1-3 , it can be seen that the numerical solution is consistent with the exact solution.
Conclusion
In this paper, two numerical methods for solving a two-dimensional variableorder anomalous subdiffusion equation have been developed. Their stability, convergence and solvability have been discussed using Fourier analysis. Moreover, the effectiveness of our theoretical analysis has been demonstrated by some numerical examples.
